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[Continued from April Number. | 

5. Formulas fok the Four Kinds of Reduction. 
We will place here together the four formulas of reduction. They are : 

/0 X ° 1*> m x »\_/0 A »- A 1 A > n*"\ _ ,_ 

VO"*, * s ....hJ-U)".*, h, *J' w / -*" 

/()*• l*i n k "\ ( _ n „.„i'0' l » 1 A > n A — *"\ 

\0 m «, « s . . . . x J { > VO™-"" («, - *„)(«„ -*»).... (»»-i- *»)/ ' 

/0*» l x » r(r+l) w°\ /0 X » I*- r*'\ 

\0 m «, « 8 H r 0»-y \.0 m k, « 8 . .'. . x r y 

VO" 1 Kj « s «J V ; \0'. » r+1 X r+2 Xj' » 2 r ' 

E. DERIVATION. 

We will next give the four formulas of derivation, corresponding in order 
to those of reduction. 
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1. The First Formula. 
The first formula of derivation is 

/0 X » l x > n x »\ /0 X «+ X l x i nM 

V0 m X, H i ....Hj~~\Q m +»K 1 H i ....Hj' 

and is seen to be true in that we can multiply both the term and b^S by 6 * . 

2. The Second Formula. 
By B, 1, (2), 

/0 X » 1 K > n*"V , _ , , mn (0' u ' 1 x m-i nM 

VO™ «! x 2 . . . . xj— L 1} \0 m (m- x„)(m- «„-i.... (m- *i)A 

By the first formula of derivation 1, and by B, 1, (2), 

/0 X " 1 x »-i flM /0 A " +" 1 K n-i n x °\ 

V0 m (m-« B )(m— «„_,). . . .(to— « 1 )J =_ U ,m+ ' t («i~K»)(TO-«»-i) • • • • (»»-«,)/ 

-i. i) lo^+'c^ +«).... («„+«);■ 

Therefore by substitution, 
/0*» 1*> »^_r_n««/' ox ° 1Xl nX " + ^ 

V0 m x, x 8 . . . . «J-<- 1; Vo m + ,t (« 1 + «)(« s +«). ...(*.+*)/' 

and this is the second formula of derivation. 

3. The Third Formula. 

The third formula of derivation comes from the third formula of reduction 
in that we turn the latter about, and write n 1 instead of r, w'+x instead of n, 
and consequently x instead of n—r. We then have, dropping accents, 

/0*» 1 A > 7» A »\ (0»° l*'....n x »(n+l)°.. .(n+x)°\ 

\0 m x, x s . . . . xj — \0" x, x 8 «» 0" )■ 

4. The Fourth Formula. 

We can obtain the fourth formula of derivation from the fourth of reduc- 
tion by turning the latter about. Remembering that x, —n 2 = . . . . =«,.=?», the 
fourth formula of reduction may be written 

fr Kr (r+1) A r+i n Kn \_, _ 1 ,„ r (0 Kr 1 *.-+i. . . . . .(n— r) A "\ 

V0»m r x r+1 xj— *> ' V0'» x r+1 xj ' 

we may now put, 
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X r —Xj X r+ i=X,> 

X r+ i=XJ H r+2 —X* 



X„=X\_ r x M =x 1 w _ r ; we get, 

/0 A » W (n-r) A ' »-r\ , ! VBr /'rV(r+l)V n A ' n-A 

VO- . w, 1 *,« k'J -1 } VO" m'x,' x s ' H\^y 

Finally putting n—r—n' 1 , m=w' -\-r, and dropping all accents, 

/0 A ° 1*. n A »\ , _ . , mr (r^{r-\-l)^ (w+r) A »\ 

V0' B «., x s . . . . xj <■ - 1 V0 M " »»•■ x, x, xj' 

and this is the fourth formula of derivation. 

5. The Four Formulas of Derivation. 
We collect the four formulas of derivation. They are : 

/0 A » 1 A > n A »\ _ /0 A «+ A 1 A . «M 

V0'» x, x s . . . . x J — \0»»+* x, x 8 . . . . xj 

(Q x « 1 A > . n A »\ , _ . nK (0*« l A x n A »+«\ 

V0"'x, x,....*J— <■ ' vo™+'(x 1 +x)(7 <8 +x).... (»„+*); 

/(>« 1 A ». . . . . . w A "\ _/0 A » 1 A . . . . .m A "(w+l)° . . . .(n+H)«\ 

\0 m Xj x 2 . . . xj— VO™ x, x 2 h„ 0« ) 

/0 A » l A r n A »\ , _ , ^../VMr+l)^ (w+r) A »N 

VO" k, x, • • • .xj~* ' \0 m m r k,x 2 xj" 

These four kinds of derivation here correspond to the third, first, second, 
and fourth kinds of derivation, respectively, in the resultant theory. 

F. THE CONJUGATE PRODUCT AND FUNCTION. 
1. Definitions. 
With respect to the product (a ri )Pr(«V 8 ) 1,!! («>• )*V . the function 

a "-5'(flw - i) p ' +P5+ Pv.[tx(r 2 —r t )¥'+P>+ JvO(r 3 -r s )]»>+i>4+ -*V 

IX^-Vi^" 

=a "2(a i a 2 . . . . a r )P^a t a i , . . . a r ,)ft(af f a, .... a r ys>* (a i a i a^yy , 
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is called the conjugate symmetric function, and with respect to the function, the 
product is called the conjugate product. 

The number n is the order of the function and w=p, +p 2 + • ■ • -p* ■ If the 
function is given as 

o K »2« 1 ,c ta' 3 "». . . a,"»=a "i2a',"' -"<(«, aj)"! - '^, of 8 « })"»-'• . . ,{a i a i . . . .«„)«», 

it is clear that the conjugate product is, 



2. The Coefficient of the Conjugate Product in a Symmetric Function. 
Completely Reducible Forms. 

It will next be proved that the coefficient of the conjugate product in a 
symmetric function is completely reducible, and is equal to (— 1)", where w is 
the weight of the function. According to 1, this coefficient may be written : 

/l«i— «» 2*s- »3 (n— 1) «»-i-«» n K "\ 

VO"* n x «„ kJ' 

By D, 2 (second reduction), we may reduce this, as follows : 

/l«i- % 2 K '~ "> (n— 1) * n-l-"" WA 

\0"' M, H s Hj 

=( _ ia M . ( lK< -" 2'-—.' (n-1) '«-i~" \ 

> \0' r -"»(«,-« M )(« s -x B )....(»»-i-«»V 

= (_n»«»+(»-D (« „_i-«»)/' 1 "' ' "• 2 "' -,ta (»-2) ««-2-«»-i\ 

V0 ,t '-' t n-l(« 1 -« m _ 1 )(K 2 _K„_ 1 ). . . .(W„_ 2 - « n _i)y- 

We have made here two reductions, one after the other. Proceeding in 
this way, we can now see that after n reductions of the same kind, we obtain, 

(1*1— «s 2"»~ "» n""\ 
0*' x, w 2 xj 

==r ( _ x ) ««»+(«-l)(«»-i-«»)+(m-2)(«„.-2-«»_i)+. . . .(«,-« 8 )(j:) 

= (_i)«,+« a + .... *»(!)=(_ lyo. 

This is the completely reducible form in the theory of symmetric func- 
tions. It may also be written as 

/0 A » 1 A > n A»\ 

\o"(a, +*,+.. . . w,+a,+ • • • • w»+;- 4 + • • • A) . . . .v„-l+LyJ- 
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3. Correspondence of the Conjugate Product with the Completely Reduc- 
ible Term of R m , n . 

It will yet be shown more in detail that the conjugate product in a sym- 
metric function corresponds to the completely reducible term in the resultant 
theory. According to the method of A, 5, the resultant of/ and ^ may be ex- 
pressed as 

2(~l) mn+ Har,y<a r ,)P'. .(o, v A(6„y"-^0^ 1 ) TO - ri 0?p 2 )™- r ' ..(M l ) m_r 'S 

where <jr ( is the weight of (a r JP>(a ra )P' (a,. )*V . [r, , r 8 r„ are supposed to 

be arranged in the order of ascending magnitude]. A group of terms will be 
represented by 

(-l) mn+ Ha ri )Ha, a )P*- • • • (%)M& r^'0?p,) m - r ' • ■ •(#>* ) m ~"> • 

Among these terms will be the one containing the conjugate product of the 
symmetric function involved. It will be 

(-»»- ffi 

• • • •(^,+p 2 + jy ) m - r " =KF'(a r ,)JV • . -(a^ib^HbpJ^ (.b Pl+P J^ 

■■■■(l> P ,+P*+.:....Pr.) m - r »- 

But this by A, 1, (2) is the completely reducible term of R m ,„. 
G. RECURRENCE FORMULA FOR THE COEFFICIENT 



/0*» l A t 2 A » w A »\ 

\0 M w»(w— 1)^(1)1— 2y<> 0«y " 



1. Statement of Requirement. 

Since all the coefficients of terms in symmetric functions can be reduced 
to such as are normal forms, or else are completely reducible and have the coef- 
ficient (—1)'", we require farther only a means of calculating the normal forms. 
We will obtain a recurrence formula for the normal form 

/0*» l*r n x -\ . ... 

W<m-ir.....H- ™ h *™™^- 

2. Derivation of the Formula. 
From the equation ^=0, we have 

Mi m +Mi m ~ 1 +Mj m ~ 2 + • ■ • +KP 1 m - r + • . • . +6wJ, ro -"=0. 



134 

We multiply this equation by 

(i.r-^CV,- ■ • -/WOW • • •/ } M.+^) m - 1 • • • -(fin— .+!• ■ ■ •/ ? m„+m,+ .... , ra . 1 ) 1 
0^ m _ 1+1 . . . .&.+ „,„)° and get {b o rifiM ) m (fiM 1 r-HfiM t y n - JI ■■■■ 

(/3/i m ) u +(6 r- i b 1 [/j(Mo-i)r[/3(/',+i)] m - 1 • • . .(^„ 1 )°+. . . . 
+(b r-i6 r [/?(// -i)ro3 y u 1 ) m - 1 (^ 2 ) m - 2 • ■ - .d»(a^+i)]— r - • ■ (M»)°+- .=o. 

We will next take the sum of all such equations, using all possible substi- 
tutions in the summation. We obtain a series of symmetric functions, of which 

tn ' 

the first contains — ; ; — '-. r terms, and the (r-fl)st 

/«„! /*,! n % \ .. fij 

terms. These numbers can be written as 



(/*„—!)! //,! /*,!.. (//,.+!)!. .//„! 



-A, and — —A, where A= 



/<o ' J"r+1 ' (^ -l)!/<i! // 2 1.. ^!. .//„!" 

But by this mode of summation, the first function will be repeated 

Mo—f~ times, and the (r+l)st function (/< r +l)— retimes. 



1 ™ A. ""' ™" v ' ^" v — """ ^ ' ->. ;. 

We get therefore, by our summation, dividing by the common factor nl/i, 
y u 6 »2(/3/i )»(^ ] )— 1 (ft*, )*-* .... G^,)"-' .... (M.)° + 

(6„r- i 26 r (i+//,)^[/5(/'„-i)]'"0^ir- 1 (/j// 8 r- 2 . .[>ovf i)]™-* . .(^ ffl )°=o. 

If in this equation we pick out the coefficient of ■6 A »6, A '6 S *'. . . . &„*" we get, 

/Oo l*i 2 A > w A "\ _ y/ii -> /0*» 1 A - 2 A * r A, -> n A »\ 

^HOV-lffl- l)"i..0""'j" ~ U+^r; \ k O m - 1 m."«- 1 (m— 1)".. .(m-r)"'^ 1 . .0"'»y 

— '^"n a. i (° K+1 lK ' 2 * 3 '''*'" * nk "\ 

— <*• Ui-A'rJ ^o m m*«- 1 0»— 1)*'- ■(»»— r)"'- +1 . .0"-»y- 

3. correspondence of the formula with the recurrence formula in the 

Resultant Theory. 

The preceding formula of 2 corresponds to the recurrence formula of A, 4, 
in the resultant theory. The identity of the two can be shown by eliminating 
the coefficients of the resultant from the latter formula by means of the relation 
[A, 5, (2)] 
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(m— k,)(w— h s ). . . .(m— h„) I 0*« l A > 2*5 w*" 

1 1J \O m K x K s ....kJ 

after suitably changing the notation, or we may first write the formula of 2 as 

/0V1 A . n»"\_ j, u /0 A »+ 1 l x > nM 

Ho* «i h s . . . . hJ — * ui ~ <w V0 m («, -r) * 8 . . . . kJ' 

where at least «j=m, « n --0, and c,. is the number of /J's which have the expon- 
ent m— r. 

4. The Case where n>m. 

In case n>m we may use one of the relations 



/0 A « 1 A ' m A »\ /«, « g k„\ 

V0 m u t x 2 xj \0" A « I*i . . . .n k ") 

— r_1\m»/'('»— *,)(*»— « 8 ) (W-K„)\ 

— <. i; ^"O*"!**- 1 W 



of B, 1, (2), and then compute as before by the reduction formula of 2. 

[To be Concluded.] 



